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Abstract

This paperintroducesa methodto usebinaryturbocodeswith high orderpulseposi-
tion modulation(PPM)andanavalanchephotodiode(APD) detectortypicalof anoptical
communicationssystem.In general,theturbocodesoutperformtheReed-Solomoncodes
usuallyrecommendedfor this application. The simulationresultsareobtainedfrom an
accuratemodelingof theAPD outputstatistics,insteadof Gaussianapproximationswhich
areoftenusedbut whichalsocanover-predictor under-predictsymbolerrorprobabilities.

1 Introduction

Opticalcommunicationsystemscurrentlyunderdevelopmentfor thedeepspacechanneluse
high orderpulsepositionmodulation(PPM)asthedatamodulationformat. Informationbits
areencoded,modulatedusingM-aryPPM,transmittedoptically, andreceivedby anavalanche
photodiode(APD) detector. For eachPPMsymbol,theAPD producesM soft outputscorre-
spondingto theoutputelectroncountfor eachslotduration.

The exact distribution of outputelectronsfrom the APD hasbeengiven in [4, 8], but is
cumbersometo use,andmaybeapproximatedverycloselyby theWebbdensityfunction[13].
In addition,the follow-on electronicscontributeadditive Gaussianthermalnoiseto the APD
shotnoise.A simpleranalysisinvolvesmodelingbothAPD shotnoiseandGaussianthermal
noiseasasingleGaussianprocess.In [5], it wasshownthatfor 4-aryPPM,thepurelyGaussian
approximationoverestimatesPPM symbolerror probability in the region Pe � 0 � 01. In this
paperwe provide symbol error probability calculationsusing both the accurateWebb plus
Gaussianmodelaswell asthestrictly Gaussianapproximationfor 256-aryPPM,andshow that
theGaussianapproximationmayeitherover-predictor under-predictsymbolerrorprobability
by varyingdegreesdependinguponthelevelsof backgroundandsignallight levels.An upper
boundusingtheWebbplusGaussianmixturedensityis providedasamoreuniformmethodof
estimatingPPMsymbolerrorprobability.

UsingtheWebbmodelof APD shotnoise,wecanaccuratelysimulatetheperformanceof a
codedsystem.Weintroduceabinaryturbocodingschemefor highorderPPM,andcompareit
to equivalentrateReed-Solomoncodes.Previouswork oncodedPPMsignaling(see,e.g.,[9])
hasconcentratedon Reed-Solomoncodesbecausetheir alphabetsizesareeasilymatchedto�
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the PPM order, resultingin a one-to-onecorrespondencebetweencodesymbolsand PPM
symbols.SinceeveryReed-Solomoncodeis a maximumdistancecode,it might seemthatno
morepowerful codecouldbefoundfor thisapplication.

However, adisadvantageof a Reed-Solomoncodeis thatthedecoderdoesnot usethesoft
detectoroutputsdirectly, but insteadoperateson decodedPPMsymbolsanderasures.This is
an inherentlimitation of Reed-Solomoncodes,becausethereis no methodto modify Reed-
Solomoncodesto makefull useof thesoft information.Wethushave themotivationfor using
turbocodes,which arealreadyknown to have outstandingperformancein otherapplications
and can operateon the soft countsdirectly ratherthan having to useexplicit PPM symbol
decisions.

This papermakes threenew contributions: (1) UncodedPPM symbol error probability
calculationsfor 256-aryPPM,(2) A binaryturbocodingschemefor highorderPPMthatfully
utilizes soft information,and(3) A simulationof end-to-endBER performancefor baseline
Reed-Solomoncodesandbinary turbo codesusingan accuratestatisticalmodelof the APD
detectorin theabsenceof thermalnoise.

2 APD Receiver Modeling

Theaveragenumberof photonsabsorbedby anAPD illuminatedwith totalopticalpowerP � t �
in Ts secondscanbeexpressedas

n̄ � η
hν

	 Ts

0
P � t � dt (1)

whereh is Planck’s constant,ν is the optical frequency, andη is the detector’s quantumef-
ficiency, definedasthe ratio of absorbedto incidentphotons.Theactualnumberof photons
absorbed,n, is a Poissondistributedrandomvariablewith raten̄. Theconditionalprobability
thatanAPD generatesm electronsin responseto exactly n absorbedphotons,m 
 n, n � 0,
hasbeenshown by McIntyre to be[8]

p � m �n�� nΓ � m
1 � k � 1�

m� m � n� !Γ � km
1 � k � n � 1��� 1 � k � G � 1�

G � n� km��� 1 � k� � � 1 � k ��� G � 1�
G � m� n

(2)

whereG is the averageAPD gain, and k is the ionization ratio. Averagingover the exact
numberof absorbedphotons,weobtain

p � m � n̄��� m

∑
n� 1

p � m �n� n̄n

n!
e� n̄ � m 
 1 (3)

asthedistributionof APD outputelectronsgeneratedover Ts secondsgiventhemeannumber
of absorbedphotonsin that interval. If no photonsare absorbed,then no electronscanbe
generatedaccordingto this model. Conversely, no electronsaregeneratedonly if no photons
havebeenabsorbed.Hence,p � m � 0 � n̄��� p � n � 0 � n̄��� e� n̄.

An approximationto Equation(3) hasbeenderived by Webb[13] andprovidesa much
simplerexpressionfor thedensityof m in responseto themeannumberof photonsabsorbed:

pw � m � n̄��� 1�
2πn̄G2F  1 � m� Gn̄

n̄GF ��� F � 1�"! 3� 2 exp #$%� � m � Gn̄� 2
2n̄G2F  1 � m� Gn̄

n̄GF ��� F � 1� !
&'

(4)



whereF � kG � � 2 � 1( G��� 1 � k � . This densityis a continuousfunction that is definedfor
m �)� λG(*� F � 1� , andintegratesto onein that range. The discreteprobabilitiesin (3) are
approximatedby evaluating(4) at integer valuesof m. Note that (4) is definedfor negative
valuesof m, providedm �+� λG(*� F � 1� , eventhoughnegativemhasnophysicalmeaning.In
thenumericalevaluationspresentedhere,wecalculatethesumof theWebbdensityvaluesfor
m 
 1, andassignto p � m � 0 � n̄� thevalueof thissumsubtractedfrom one.

Addedto therandomnumberof APD outputelectronsis anindependentGaussianthermal
noisechargefrom thefollow-onelectronics.Thetotal chargeis thenintegratedover eachslot
timeTs, resultingin avectorof M independentobservablesfor eachreceivedPPMword. It was
provenin [12] thatgiventheseobservables,themaximumlikelihooddetectorstructureconsists
of choosingthePPMsymbolcorrespondingto theslotwith themaximumaccumulatedcharge
value. If n̄b and n̄s are the meannumberof absorbedbackgroundphotonsper slot and the
meannumberof absorbedsignalphotonsperpulse,respectively, theM-aryPPMsymbolerror
probabilityis

Pe � M ��� 1 � 	 ∞� ∞
p � x � n̄b � n̄s� � 	 x� ∞

p � y � n̄b � dy� M � 1

dx � (5)

wherep � x � n̄� is theprobabilitydensityfunction for theslot statisticgiven n̄ meannumberof
absorbedphotonsover theslotduration.Sincetheslot statisticis a randomvariableconsisting
of the sumof independentWebbandGaussianrandomvariables,its densityfunction is the
convolutionof theindividualdensities,andmaybewrittenas

p � x � n̄��� ∞

∑
m� 0

φ � x � µm
� σ2 � pw � m � n̄� � (6)

whereφ � x � µm
� σ2 � is the Gaussiandensityfunction with meanµm � mq � IsTs andvariance

σ2 � � 2qIs � 4κT
R � BT2

s , asgivenin [5]. Here,q is theelectroncharge,κ is Boltzmann’s con-
stant,T is theequivalentnoisetemperature,B is thesingle-sidednoisebandwidth,andIs is the
APD surfaceleakagecurrent.Notethat theAPD surfaceleakagecurrentis not multiplied by
the APD gain andis modeledhereasa constantDC current. The APD dark current,on the
otherhand,is multipliedby theAPD gainandis modeledaspartof thebackgroundradiation,
i.e., it is incorporatedinto thevalueof n̄b.

An approachthat is sometimesusedto simplify calculationof PPM symbolerror prob-
abilities is to model the densityof the APD outputelectroncharge as Gaussianwith mean
qGn̄ andvarianceq2G2Fn̄. Thentheslot statisticconsistingof thesumof APD outputelec-
tronsandamplifierthermalnoiseis alsoGaussian,andhasmeanµ � qGn̄ � IsTs andvariance

σ2 �-, 2q2G2Fn̄ � qIsTs � 4κTTs
R . BTs. Althoughsimple,this approximationdoesnot yield ac-

curateresultsover all regionsof interest,as previously shown in [5] for 4-PPMandas we
demonstrateherefor 256-PPM.

3 Uncoded PPM Symbol Error Probabilities

Substituting(6) into (5), thePPMsymbolerrorprobabilitymaybeexpressedas

Pe � M �/� 1 � 	 ∞� ∞

∞

∑
m� 0

φ � x � µm
� σ2 � pw � m � n̄b � n̄s�10 	 x� ∞

∞

∑
n� 0

φ � y� µn
� σ2 � pw � n � n̄b � dy2 M � 1

dx

� ∞

∑
m� 0

pw � m � n̄b � n̄s� 	 ∞� ∞
φ � x � µm

� σ2 �3#$ 1 � 0 ∞

∑
n� 0

pw � n � n̄b � Φ 4 x � µn

σ 5 2 M � 1
&'

dx � (7)



whereΦ � x� is the Gaussiandistribution function Φ � x�%�76 x� ∞
18
2π

e� u2 � 2du. The expression
in (7) is difficult andtime-consumingto evaluateaccurately, soanupperboundis calculated
instead. Although the union boundis commonlyusedfor suchM-ary orthogonalsignaling
problems,atighterboundwasderivedby Hughes[7] andis appliedhere.By observingthatthe
function f � u�9� 1 �;: 1 � u< M � 1 is concavefor u =>: 0 � 1< , Jensens’sinequalitygivesusE : f � u�?<A@
f � E : u<B� . Letting u �76 ∞

x p � y � n̄b � dy and taking the expectationover x with densityfunction
p � x � n̄b � n̄s� , wecanthenshow that

Pe � M �/� 	 ∞� ∞
p � x � n̄b � n̄s �DC 1 � � 1 � 	 ∞

x
p � y � n̄b � dy� M � 1 E

dx@ 1 � � 1 � 	 ∞� ∞
p � x � n̄b � n̄s� 	 ∞

x
p � y � n̄b � dydx� M � 1 � (8)

Thedoubleintegral within thebracketson theright handsideof (8) is simply theprobability
thata givenbackgroundslot hasa greaterelectroncountthanthesignalplusbackgroundslot.
This may also be interpretedas the symbol error probability for equiprobablebinary PPM
signaling,denotedasPe � 2� , andgivenby

Pe � 2��� ∞

∑
m� 0

pw � m � n̄b � n̄s� 	 ∞� ∞
φ � x � µm

� σ2 � ∞

∑
n� 0

pw � n � n̄b � Φ 4 � x � µn

σ 5 dx � (9)

sothattheupperboundon theM-aryPPMsymbolerrorprobabilitymaynow beexpressedas
Pe � M �F@ 1 �G� 1 � Pe � 2�H� M � 1.

Althoughtheupperboundin (8)maybecalculatedrelativelyeasily, it doesrequirerepeated
evaluationof the Webbdensityandnestedsummationandintegration. Useof the Gaussian
approximationto the APD statisticssavescomputationaltime. Using this Gaussianapproxi-
mation,theM-aryPPMsymbolerrorprobabilityis givenby

PeIGaussian� M �� 	 ∞� ∞
φ � x � µs

� σ2
s �10 1 � Φ 4 x � µb

σb 5 M � 1 2 dx � (10)

whereµb � qGn̄b � IsTs, µs � qG� n̄b � n̄s� � IsTs, σ2
b � , 2q2G2Fn̄b � qIsTs � 4κTTs

R . BTs, and

σ2
s �J, 2q2G2F � n̄b � n̄s� � qIsTs � 4κTTs

R . BTs [5].

The two expressionsfor evaluatingPPM symbolerror probability given in equations(8)
and(10) werecalculatedandcomparedusingthe following parameters:M � 256, Ts � 2 K
10� 8 seconds,k � 0 � 007, Is � 2 K 10� 9 amps,T � 300L K, R � 146650Ω, andB � 1( 2Ts �
2 � 5 K 107 Hz (1( 2Ts is the noiseequivalentbandwidthfor an ideal integratorover duration
Ts). Calculationswereperformedfor several differentvaluesof n̄b and n̄s. The APD gain
parameterG wasoptimizedfor eachpair M n̄b

� n̄s N by takingon thevalueresultingin minimum
PPMsymbolerrorprobability. Theoptimizationwasperformedseparatelyfor theWebband
the Gaussianmodels,resulting in different optimum gainsfor eachmodel. In addition to
numericalevaluation,Monte Carlo simulationsof the receiver performanceunderthe Webb
modelwereperformedin order to obtainmoreaccurateresultsfor lower SNR regionsthan
thoseprovided by the upperbound(8). In the Monte Carlo simulations,the Webbdeviates
neededto simulateAPD outputweregeneratedusingthe inclusion-exclusionprinciple [10]
following themethodoutlinedin [11].

Fig.s1-2show plotsof Pe versusn̄s for threeparticularvaluesn̄b: 0.01,1.0,and100.0.The
threecurvesshown aretheerrorprobabilityfor theWebbmodelobtainedthroughMonteCarlo



simulation,theupperboundfor theWebbmodelasgivenby (8), andtheerrorprobabilityfor
theGaussianapproximationasgivenby (10). Fromthesefigureswe seethattheupperbound
(8)approachestheexacterrorprobabilityasgivenby theWebbsimulationasPe becomessmall.
In Fig.1, theGaussianapproximationconsistentlyoverboundsthesimulationerrorprobability,
whereasin Fig. 2, theGaussiancurve first underboundstheWebbcurve for lower n̄s andthen
crossesover andoverboundsthe Webbcurve as n̄s increases.Thecross-over pointsoccurat
increasingvaluesof signalphotonlevel asthebackgroundphotonlevel increases.

4 Turbo-Coded M-ary PPM

4.1 Turbo Encoder

A rate1/3 turboencoderis shown in Fig. 3. It consistsof two rate1/2 constituentcodesand
aninterleaverof lengthN. Theinputu �)� u1

� �O�O� � uN � is ablockof independent,uniformly dis-
tributedinformationbits. Weusethetrellis terminationmethodin [6], whichtakesmadditional
stepsto returntheencodersto theall zeroesstate.

In this paper, the constituentcodesshall be rate1/2, recursive, systematicconvolutional
codes.The threeoutputsof the rate1( 3 turboencoderincludethesystematicbit x0, andthe
two parity bits x1p andx2p. Thepermutedsystematicbit from thesecondconvolutionalcode
is not transmittedacrossthechannel.Thus,a totalof n � 3 � N � m� bitsaretransmittedfor the
rate1/3 code.Thebits aregroupedinto M-ary PPMsymbols.For concreteness,in this paper
M � 256.

4.2 Turbo Decoder

Weuseaturbodecoderstructureandnotationasin [2], shown in Fig.4. Althoughthisstructure
wasdesignedasa turbo decoderfor a binaryAWGN channel,part of its beautyis that each
soft-inputsoft-output(SISO)moduleneednot know anything aboutthe channelin orderto
operate—its computationis determinedcompletelyby the a priori distribution P � c; I � and
knowledgeof the codestructure.Thus,giventhe a priori probabilitydistributions,the turbo
decoderoperatesin theusualway. Detailsarecontainedin [1–3,6].

To properlyinitialize theturbodecoder, wemustdeterminetheapriori probabilityof code-
wordsfor eachconstituentcode.1 Let c �P� c0

� c1 � denoteapossibleconstituentcodecodeword.
As in [2], wedefineP � c; I ��QM Pk � c; I � N , for k � 1 � �H�H� � N � m, wherefor SISO1

Pk � c; I �� Pr[codeword � x0
� x1p � is c at timek � all soft countsfrom all symbols]�

(11)

andfor SISO2

Pk � c; I �� Pr[codeword � π � x0 � � x2p � is c at timek � all soft countsfrom all symbols]�
(12)

Note thatall soft countsin theconditioningin Equations(11) and(12) areirrelevant to com-
putingPk � c; I � exceptthosefrom PPMsymbolsthatcontainthekth constituentcodewordbits.

1By “a priori” probability, we meanthat thereis conditioningon the the receiver decisionstatistics,but no
conditioningon the turbo codestructure,i.e., for the purposesof computingP R c; I S , the componentsof c are
assumedto beindependentanduniformly distributed. This theusualmeaningin thethecontext of turbocodes;
in othercontexts,conditioningon receiverstatisticswouldbetermeda posteriori.
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Figure4: Turbodecoder.

That is, a soft countdoesnot give informationabout � x0
� x1p � unlessit is a soft countfrom a

PPMsymbolthatdependsonx0 or x1p.
To computePk � c; I � , therearetwo casesto consider. WeconsiderSISO1 here;theanalysis

is identicalfor SISO2, exceptthat � xo
� x1p � is replacedby � π � x0 � � x2p � .

Case 1: Thebits � x0
� x1p � which formthekth constituentcodeword aregroupedinto twoseparate

PPMsymbolepochssandt.
In this case,let x0 bethe l th bit of thesth PPMsymbol,let x1p bethemth bit of the tth
PPMsymbol,andlet y �T� y0

� �H�H� � y255� andz �T� z0
� �"�H� � z255� denotethetwo setsof soft

countsfrom thetwo transmittedPPMsymbols.Then

Pk � c; I �U� Pk �H� c0
� c1 � ; I �� P � bit l of sth PPMsymbolis c0 � y � (13)V P � bit mof tth PPMsymbolis c1 � z � (14)� #W$ ∑

a �X� a1 IZYZYZYOI a8 �
al � c0

P � a � y � &�[' V #W$ ∑
a �X� a1 IZYZY\Y]I a8 �

am � c1

P � a � z � &�[' � (15)

whereEquation(14) followsby theindependenceof thesoftcountsfrom onePPMsym-
bol to the next, andwherein Equation(15) a is the 8-bit vectordefininga 256-PPM
symbol.

Case 2: Thebits � x0
� x1p � which form the kth constituentcodeword are groupedinto the same

PPMsymbolepoch s.
In this case,let x0 bethe l th bit of thesth PPMsymbol,let x1p bethemth bit of thesth
PPMsymbol,andlet y �^� y0

� �H�H� � y255� denotethesetof soft countsfrom thesth PPM
symbol.Then

Pk � c; I �U� Pk �"� c0
� c1 � ; I �� P � bit l andmof sth PPMsymbolis c0 andc1, resp.� y �� ∑

a �X� a1 IZYZYZYOI a8 �
al � c0
am � c1

P � a � y �_� (16)

In either Case1 or Case2, we needto computethe probability that a given 256-PPM
symbola �`� a1

� �H�H� � a8 � wastransmitted,given its correspondingsetof 256 soft countsy �



� y0
� �"�H� � y255� . Althoughwe mustomit thedetails,it canbeshown by standardusageof Bayes

rule, independenceof theslot statistics,anda priori equiprobabilityof eachslot containinga
pulse,that

P � a � y �a� La

∑255
i � 0Li

� (17)

wherewe usea asbotha PPMsymbolandan index to a slot, andwhereLi is the likelihood
ratio of the ith slot containinga signalpulsegiven the soft count in that slot, i.e., the ratio
of Equation(4) with n̄ � n̄b � n̄s to Equation(4) with n̄ � n̄b. Equation(17) may beusedin
Equations(15)and(16) to computetheapriori probabilitiesneededfor theSISOmodules.

5 Performance Simulations

Usingthemethodof theprevioussection,simulationswereconductedfor rate1/3 turbocoded
256-PPManda typical APD detector. Theconstituentcodeshadeither4 statesandidentical
generatorsof � 5( 7� oct, or 8 statesandidenticalgeneratorsof � 17( 15� oct. The interleaver had
length16382andrepresenteda randompermutation.The signalvariedfrom n̄s � 20 to 30
photons/slot,andthebackgroundintensitywasfixedat n̄b � 10photons/slot.Weusedthesame
APD parametersasin Section3,exceptthatthegainwasfixedat80,andweusedtheshotnoise
limited case,i.e.,weassumednegligible additivethermalnoisein theAPD. Theturbodecoder
performed10 iterationsbeforebit decisionsweremade.Thesimulationswerecontinueduntil
100error-containingblockswereprocessed.This typically involvedthesimulationof 10,000
or morebit errors.

Reed-Solomonperformancewas determinedby simulatingthe soft countsusing a pro-
gramto generateWebbdeviates,computingtheresultingPPMsymbolerrorrate(SER)when
themaximumlikelihoodrule is used[12], andusinga formula for theperformanceof Reed-
Solomoncodebasedon thatSER.Erasureswerenot considered.

Fig. 5 shows the performanceof rate 1/3 coded256-PPMas a function of input SER.
(Fig. 6 shows the samesimulationdata,asa function of n̄s.) Sincethe turbo decoderdoes
not make an explicit determinationof PPM symbols,the input SER is technicallynot de-
fined for turbo codes;the SERusedin the plot is that which would have occurredhad the
maximumlikelihoodrule beenusedto make PPM symboldecisions. The threecurves for
turbo codesrepresentthe 4-statenoninterleaved PPM, 4 stateinterleaved PPM, and8 state
interleaved PPM simulations. By noninterleaved PPM, we meanthat the bits at the output
of the turbo encoderaregroupedinto 8-bit blocksdirectly andPPM modulated.This order
is � x0

� x1p
� x2p

� x0
� x1p

� x2p
� �H�H� � x0

� x1p
� x2p �_� For the interleavedPPM,theorderof thebits has

beenpartially randomizedbeforegroupinginto PPM symbols. The effect of the interleaver
beforethemodulatoris to spreadout relatedbits into differentPPMsymbols.

Acknowledgements: TheauthorsacknowledgeDariushDivsalarandVictor Vilnrotter for
helpfuldiscussionsaboutturbocodesandtheAPD detector.
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